
















































B. C. Allanach and S. F. King
Physics Department, University of Southampton
Southampton, SO17 5NH, U.K.
Abstract







model where the gauge group is broken
at 10
16
GeV. The model predicts third family top-bottom-tau Yukawa unication, as
in minimal SO(10). The other smaller Yukawa couplings are assumed to arise from
non-renormalisable operators suppressed by powers of some heavy scale. We perform
a systematic operator analysis of the model in order to nd the minimum set of
operators which describe the low energy quark and lepton masses, and quark mixing
angles consistent with low-energy phenomenology. A novel feature of the model is
the possibility of asymmetric texture zeroes in the Yukawa matrices at the scale of
the new physics. Successful predictions are obtained for m
t










in terms of a CP violating phase . For example, we predict tan  = 35  65,
m
t




The problem of quark and lepton masses is one of the most fascinating and perplexing
problems of particle physics. The standard model, despite its successes, can oer no
glimpse of insight into the apparently bizarre pattern of masses and mixing angles
which experiment has presented us with. We do not even know why there are three
families rather than one. It is clear, then, that in order to gain some insight into the
fermion mass problem, one must go beyond the standard model. The big question of
course is what lies beyond it?
We have not yet experimentally studied the mechanism of electroweak symmetry
breaking, so one might argue that it is premature to study the fermion mass problem.
Unless we can answer this, we have no hope of understanding anything about fermion
masses since we do not have a starting point from which to analyse the problem.
However LEP has taught us that whatever breaks electroweak symmetry must do
so in a way which very closely resembles the standard model. This observation by
itself is enough to disfavour many dynamical models involving large numbers of new
fermions. By contrast the minimal supersymmetric standard model (MSSM) mimics
the standard model very closely. Furthermore, by accurately measuring the strong
coupling constant, LEP has shown that the gauge couplings of the MSSM merge
very accurately at a scale just above 10
16
GeV, thus providing a hint for possible
unication at this scale. On the theoretical side, supersymmetry (SUSY) and grand
unied theories (GUTs) t together very nicely in several ways, providing a solution
to the technical hierarchy problem for example. When SUSY GUTs are extended
to supergravity (SUGRA) the beautiful picture of universal soft SUSY breaking pa-
rameters and radiative electroweak symmetry breaking via a large top quark yukawa
coupling emerges. Finally, there is an on-going eort to embed all of this structure
in superstring models, thereby allowing a complete unication, including gravity.
Given the promising scenario mentioned above, it is hardly surprising that many
authors have turned to the SUSY GUT framework as a springboard from which to
attack the problem of fermion masses [1]. Indeed in recent years there has been a
ood of papers on fermion masses in SUSY GUTs. Although the approaches dier
in detail, there are some common successful themes which have been known for some
time. For example the idea of bottom-tau Yukawa unication in SUSY GUTs [2]
works well with current data [3]. A more ambitious extension of this idea is the
Georgi-Jarlskog (GJ) ansatz which provides a successful description of all down-type
1
quark and charged lepton masses [4, 16], and which also works well with current
data [5]. The GJ approach involves the idea of texture zeroes and predicts simple
relations at the unication scale which are then evolved to low-energies using the
renormalisation group (RG) equations. These approaches are concerned with general
properties of the mass matrices, rather than those of specic models.
In order to understand the origin of the texture zeroes, one must consider the




GeV (SO(10) for example in the
case of GJ). While one might not wish to restrict oneself to some particular gauge
symmetry at M
X
, it is almost essential to specify the model at this scale in order to
make any progress at all. The alternative is to simplymake a list of assumptions about
the nature of the Yukawa matrices at M
X
[6]. For example Ramond, Roberts and
Ross (RRR) [7] assumed symmetric Yukawa matrices at M
X
, together with the GJ
ansatz for the lepton sector. It is dicult to proceed beyond this without specifying
a particular model. Indeed, this model dependence may be a good thing since it may
mean that the fermion mass spectrum at low energies is sensitive to the theory at
M
X
, so it can be used as a window into the high-energy theory. Therefore in what
follows we shall restrict ourselves to the very specic gauge group at M
X
referred to
in the title. Our motivation for considering this particular theory is discussed below.
Twenty-one years ago Pati and Salam proposed a model in which the standard







a superpersymmetric (SUSY) version of this model was proposed in which the gauge




GeV [9]. The model [9] does not involve adjoint
representations and later some attempt was made to derive it from four-dimensional
strings, although there are some diculties with the current formulation [10]. In this
paper we shall not be concerned with the superstring formulation of the model, but
instead we shall focus on the \low-energy" eective eld theory. The absence of ad-
joint representations is not an essential prerequisite for the model to descend from the
superstring, but it leads to some technical simplications. Also in the present model,
the colour triplets which are in separate representations from the Higgs doublets, be-
come heavy in a very simple way so the Higgs doublet-triplet splitting problem does
not arise. These two features (absence of adjoint representations and absence of the
doublet-triplet splitting problem,) are shared by ipped SU(5)
U(1) [11], which also
has a superstring formulation. Although the present model and ipped SU(5)
U(1)
are similar in many ways, there are some important dierences. Whereas the Yukawa
matrices of ipped SU(5)
U(1) are completely unrelated at the level of the eective
2
eld theory at M
X
(although they may have relations coming from the string model)
in the present model there is a constraint that the top, bottom and tau Yukawa
couplings must all unify at that scale. In addition there will be Clebsch relations
between the other elements of the Yukawa matrices, assuming they are described by
non-renormalisable operators, which would not be present in ipped SU(5)
U(1). In
these respects the model resembles the SO(10) model recently analysed by Anderson
et al [12]. However it diers from the SO(10) model in that the present model does
not have an SU(5) subgroup which is central to the analysis of the SO(10) model.
In addition the operator structure of the present model is totally dierent. Thus
the model under consideration is in some sense similar to ipped SU(5)
U(1), but
has third family Yukawa unication and precise Clebsch relationships as in SO(10).
We nd this combination of features quite remarkable, and it seems to us that this
provides a rather strong motivation to study the problem of fermion masses in this
model.







considered by one of us [13]. It was implicitly assumed that the Yukawa matrices were
symmetric, and it was shown that by introducing suitable operators the model could
make contact with the successful RRR ansatz, which incorporate the GJ ansatz, at
the expense of ne-tuning the coecients of the operators [13]. Essentially the small
entries in the RRR matrices were obtained by assuming that the coecients of two op-
erators were tuned to partially cancel. The purpose of the present paper is threefold.
First we shall generalise the analysis to the case of non-symmetric Yukawa matrices,
since there is no symmetry which enforces symmetric Yukawa matrices in this model
1
.
This allows the possibility of asymmetric texture zeroes, which as far as we are aware
have never been considered before. Of course this means that we cannot rely on the
RRR analysis, and therefore we perform our own phenomenological analysis of the
quark and lepton masses and quark mixing angles. Second we extend the operator
analysis to consider many other operators not considered in the previous analysis. In
fact we search for all possible low dimensional operators, and systematically search
for the minimum set with which to describe the spectrum. Third we impose a nat-
uralness criterion and reject all possibilities which involve ne-tuning the coecients
of operators. The result of all this is a small set of possible solutions to the problem
of quark and lepton masses and CKM angles in this model.
The remainder of the paper is organised as follows. In section 2 we briey sum-
1
Even the imposition of parity does not lead to symmetric Yukawa matrices (see Section 3.3.)
3
marise the model. In section 3 we describe the operator strategy we employ. In
section 4 the details of the calculation are outlined, including the RG and CKM
analysis. The ansatze, results and predictions are presented. Section 5 contains our
conclusions about the previous analysis, and a brief discussion of theoretical uncer-
tainties involved with the calculation. In Appendix 6 we list the operators in explicit
component form.
2 The Model
Here we briey summarise the parts of the model which are relevant for our analysis.
































































where  = 1 : : : 4 is an SU(4) index, a; x = 1; 2 are SU(2)
L;R
indices, and i = 1 : : : 3


























are the low energy Higgs superelds associated with the MSSM.)
The two heavy Higgs representations are
H
b

































































The Higgs elds are assumed to develop VEVs,





























in the usual notation. Under the symmetry breaking in Eq.8, the Higgs eld h in




whose neutral components subsequently

















In addition to the Higgs elds in Eqs. 5,6 the model also involves an SU(4) sextet
eld D = (6; 1; 1) and three singlet elds 
m
= (1; 1; 1) which do not acquire VEVs
plus one singlet eld N = (1; 1; 1) which acquires a weak scale VEV < N >= x. The














































the colour triplet parts of H,

H and D into acceptable GUT-scale mass terms [9].
The 
m
elds play an important part in ensuring that the right-handed neutrinos
gain large masses, leading to acceptably small observable neutrino masses. The eect




and involves some terms
generated at the two-loop level as discussed elsewhere [14]. BelowM
X
the part of the































+ : : : (11)






























GeV. Conventional SUSY GUTs achieve this in the most direct way
possible, by embedding the standard gauge group into a simple gauge group with
a single gauge coupling constant. However, conventional SUSY GUTs are not fully
unied because they do not include gravity. The only consistent known theories of
gravity are string theories, and string theories which allow adjoint superelds are
quite cumbersome [15]. On the other hand string theories that do not involve adjoint
2
The resulting low energy theory may resemble the so-called Next-to-Minimal Supersymmetric
Standard Model (NMSSM) involving an extra gauge singlet. However for simplicity our calculations
will be based on the MSSM.
5
superelds, and consequently cannot involve a simple gauge group, must explain why
the gauge couplings which appear to be unied at M
X
are in fact unied at M
c
.
Recently it was suggested by one of us [13] that an attractive solution to this



















, it is possible to
require that the SU(4) beta function, 
4
, is equal to the common SU(2) beta functions,

2
, so that if the gauge couplings are equal at M
X
then they will remain equal above














+ : : : (14)
where in the model dened in the previous section, and augmented by the Higgs












where we have allowed for n
D
copies of the sextet supereld D, and n
H
copies of








). From Eqs. 13, 15 it is clear that the combination
of left-right symmetry and the choice n
D
= 7 (for any choice of n
H
) is sucient to
guarantee that if the couplings are equal at M
X
then they will remain equal above
this scale to one-loop order, ignoring threshold eects.
3 Operators
3.1 The Basic Strategy
In this model the two Higgs doublets are unied into a single representation h in Eq.4
and this leads to the GUT-scale equality of the three Yukawa matrices in Eqs.11, 12.
This boundary condition also applies to the version of the conventional SUSY GUT
based on SO(10) in which both Higgs doublets are unied into a single 10 represen-
tation. As it turns out, the idea of Yukawa unication works rather well for the third
family [16], leading to the prediction of a large top quark mass m
t
> 165 GeV, and






is the bottom quark mass. However Yukawa unication
for the rst two families is not successful, since it would lead to unacceptable mass
6
relations amongst the lighter fermions, and zero mixing angles at M
X
. In the SO(10)
SUSY GUT there are various ways out of these diculties, and if the present model
is to be regarded as a surrogate SUSY GUT it must also resolve them.
One interesting proposal has recently been put forward to account for the fermion
masses in an SO(10) SUSY GUT with a single Higgs in the 10 representation [12].
According this approach, only the third family is allowed to receive mass from the
renormalisable operators in the superpotential. The remaining masses and mixings
are generated from a minimal set of just three specially chosen non-renormalisable
operators whose coecients are suppressed by some large scale. Furthermore these
operators are only allowed to contain adjoint 45 Higgs representations, chosen From









whose VEVs point in the direction of
the generators specied by the subscripts, in the notation of [12].
This is precisely the strategy we wish to follow here. We shall assume that only the
third family receives its mass from a renormalisable Yukawa coupling. All the other
renormalisable Yukawa couplings are set to zero. Then non-renormalisable operators
are written down which will play the role of small eective Yukawa couplings. The
eective Yukawa couplings are small because they originate from non-renormalisable
operators which are suppressed by powers of the heavy scale M . In this paper we
shall restrict ourselves to all possible non-renormalisable operators which can be con-


















where we have used the elds H;

H in Eqs.5,6 and M is the large scale M > M
X
.
The idea is that when H;

H develop their VEVs such operators will become eective
Yukawa couplings of the form hF







shall only consider up to n = 2 operators here, since as we shall see even at this level
there are a wealth of possible operators that are encountered. Although we assume no







to the standard model at the scale M
X
) we shall allow the possibility that there are
dierent higher scalesM which are relevant in determining the operators. For example
one particular contraction of the indices of the elds may be associated with one scale
M , and a dierent contraction may be associated with a dierent scale M
0
. We shall
either appeal to this kind of idea in order to account for the various hierarchies present
in the Yukawa matrices, or to higher dimensional operators which are suppressed by
a further factor of M .
7
3.2 A Simple n = 1 Example
In the present model, although there are no adjoint representations, there will in gen-
eral be non-renormalisable operators which closely resemble those in SO(10) involving
adjoint elds. The simplest such operators have already been considered in ref.[13]
and correspond to n = 1 in Eq.16, with the (H

H) group indices contracted together.
These operators are similar to those of [12] but with H

H playing the ro^le of the
adjoint Higgs representations. It is useful to dene the following combinations of
elds, corresponding to the dierent H






















= (15; 1; 3)
The explicit form of the operators is given in Appendix 1. For the adjoint combina-



















(x = 1; : : : ; 3)




(p = 1; : : : ; 15) are the generators of SU(4). It
is clear that when the elds H;




























































Armed with the above results it is straightforward to construct the operators of the
form of Eq.16 explicitly, and hence deduce the eect of each operator. For example


















where we have suppressed gauge group indices. When the combinations A;B;C;D





just count the quantum numbers of the components of the elds F;

F , leading to































































































































In ref.[13] combinations of the operators in Eq.21 were used to reproduce the successful
RRR and GJ textures. However it is clear that there is no real justication for
assuming that the Yukawa matrices are symmetric in this model. To illustrate the
point, let us impose a left-right (parity) symmetry on the model of the kind introduced




























h $ h (22)
where the elds A

L;R













2; 1) irrep.s respectively. It is clear that operators such as in Eq.16 will not then
lead to symmetric Yukawa matrices since under parity as in Eq.22, the (H

H) combi-






) which does not develop a VEV and so does not lead to an eective
Yukawa coupling. Note that this argument only applies to the non-renormalisable
operators. The renormalisable operators would lead to symmetric Yukawa matrices if
parity was imposed, since h is transformed into itself. It is possible that there may be
some non-renormalisable operators which would lead to symmetric Yukawa matrices
at M
X
but these are not the kind of operators we consider here. It is clear that the
nature of this model is to lead to non-symmetric Yukawa matrices, so the analysis of








































(15  1; 2;
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Table 1: Operator classication of the n = 1 operators, including those in Eq.16,17
(see Appendix 1 for more details).
3.4 General Analysis of n = 1 and n = 2 Operators
The n = 1 operators are by denition all of those operators which can be constructed




H by contracting the group indices in all possible ways,
as discussed in Appendix 1. Here we only summarise the results of this analysis by
listing the group theoretical contractions of elds in Table 1, and the precise group
structure of the operators in Table 2. After the Higgs eldsH and

H develop VEVs at
M
X
















, the operators listed in the






. However, as in the simple example discussed previously, there will be precise
Clebsch relations between the coecients of the various quark and lepton component
elds. These Clebsch relations are summarised in Table 3. Having discussed the origin
of the eective Yukawa terms in some detail for the (H

H) contracted operators, we
shall now be more schematic in our description of the remaining types of operator.
In Table 3 we have neglected terms involving the right handed neutrinos since
they receive a large mass through the see-saw mechanism
3
. Note that associated with
each operator is only one coupling constant, so that for example O
A
gives the same
Yukawa coupling to the up and down quarks and the charged leptons at M
X
, as in




H in the Higgs structure are




Which explains why O
I
 0, it only contributes to a 
R
term. In this paper we shall not consider















































































































































Table 2: The combinations shown in Table 1 lead to the group structure for the n = 1























































Table 3: When the Higgs elds develop their VEVs at M
X
, the n = 1 operators lead
to the eective Yukawa couplings with Clebsch coecients as shown. These results































Table 4: n = 2 operators utilised, where O
1









is one of O
Mh;Mp;Mq;Ms
. The operators are explicitly
dened in Appendix 2.
considered.







HH by contracting the group indices in all possible ways, as discussed





structures e.g. we label an operator with structures A and
t as O
At
. Brevity prevents us from listing all the possible operators, but the useful
operators are listed in Table 4. Two features of the n = 2 Clebsch coecients listed
are useful: the operators O
Ad;Dd;Md
give the down quark Clebsch coecient to be three
times that of the up quark, which helps to predict a small jV
ub
j, and the operators
labeled O
1;2;3
give masses to down quarks and leptons but not to up quarks, helping
to account for the up-down mass splitting in the rst family (see section 4.5).
4 The Calculation
4.1 Masses and Mixing Angles at Low Energies
To constrain the Yukawa matrices at M
X
, we need to use renormalisation group
equations to evolve low energy parameters such as CKM matrix elements and fermion
masses up to M
X
. We denote running fermion masses at the MS scale  as m
f
().
















































(which is displayed in Fig.2.)
where max( m
f
, 1 GeV) is the greater of m
f
and 1 GeV.
























































= 246 GeV. All values used for the masses are running values, as
in ref. [7]
4
. The values of CKM mixing elements and running masses (of Table 5)







0:9747   0:9759 0:218   0:224 0:002   0:005
0:218   0:224 0:9735   90:9751 0:032   0:054





Lepton masses of course have no dependence on 
S
to one loop, and their  values
are tabulated in Table 6.
4
We would like to point out that a more sensible convention to take would be to extract
m
i
( 10GeV). This could avoid threshold ambiguities when running up to m
t
and recent studies
suggest that renormalons introduce an intrinsic ambiguity into what one means by the pole mass of
the lighter quarks at these scales anyway.
13
Lower Bound/GeV Upper Bound/GeV
m
d
(1 GeV) 0.0055 0.0115
m
s
(1 GeV) 0.105 0.230
m
u

































Figure 2: Physical mass on the top quark predicted by the renormalisable 33 Yukawa
term in Eq.28 for various values of m
b


















140 1.018 1.018 1.016
170 1.019 1.019 1.017
200 1.020 1.020 1.018
Table 6: 
i






























) for various values of
m
b
4.2 The Third Family: Yukawa Unication
5





































is taken to be 10
16












. This is achieved with

















































































































Figure 4: tan  prediction for various values of m
b
.





We ignore low energy threshold corrections, which should be smaller than the other
theoretical uncertainties involved (these are briey presented in section 5.)
The procedure we follow for the third family is very similar to ref.[3] for bottom-
tau Yukawa unication, but are here extended to include full top-bottom-tau Yukawa









then to predict m
t
and tan  as outputs using the constraint of Yukawa unication,
as in Eq.29 after running the 3rd family Yukawa couplings up to M
X
. In practice













depend upon the input value of m
t
and tan . Thus we pick reasonable estimates of
these quantities to input into the RG routine. The output values obtained from this
are fed back as inputs until the iteration converges. In this way we select m
t
, tan 















) and tan  shown in Figs. 2-4.







. The value of tan  is high (35 to about 65) and m
t
(pole) ranges
from 130 to 190 GeV
6





of the couplings has become too high and so the model is not valid in this region
of parameter space. Note that for certain superparticle spectrums, these results can




) does not include certain one loop
6




















for the third family, as dened in eq.32. The lower (upper) triplet of
curves is associated with m
b
= 4.1 (4.4) GeV.
Yukawa corrections [12]. This can have the eect of lowering the prediction of m
t
by
about 30 GeV, which is still compatible with the CDF result for higher 
s
.
4.3 First and Second family: Diagonal Yukawa Couplings
In dealing with the rst and second families we have to confront the problem that the
Yukawa matrices are not diagonal. As discussed widely elsewhere [12, 7], it is most
convenient to diagonalise the Yukawa matrices at M
X
before running them down to
m
t











(ref.[3]). At one-loop these RG equations can be numerically integrated so that the


































































The empirical values of jV
ij




, introducing an error whose






































































































Using Eqs.24-26 we may determine the diagonal Yukawa couplings in this model at
m
t
. The third family Yukawa couplings atM
X
(all equal) are given by Fig.3. The rst
and second family diagonal Yukawa couplings atM
X
are then easily obtained from the
scaling relations in Eq.31, using the I
f
integrals in Fig.5. These GUT scale Yukawa
couplings expressed as ratios are shown in Figs. 6,7,8. The relative magnitude of the
diagonal Yukawa couplings between the rst two families and the third is displayed in
Fig.6, where the ratio should be O() for the rst family and O(
2
) for the second, if
the assumption of suppression of the mass scales is to be correct. As seen in the gure,
this identies log()  O( 1:5). The second family couplings at M
X
are shown in






 6 : 20 : 1. The rst family couplings are displayed




































replicated by our model if it going to be phenomenologically viable. In Fig.9 we also




, calculated by running the value at M
Z
in
Eq.27 up to M
X
using Eq.31.
4.4 The Lower 2 by 2 Block of The Yukawa Matrix: The
Prediction of the Strange Quark Mass
The heavy 2 by 2 sectors of the Yukawa matrices are considered rst, in isolation
from the rest of the Yukawa matrix. This is possible because we shall assume that
the Yukawa matrices at M
X




















where  << 1 and some of the elements may have approximate or exact texture zeroes
in them. Assuming the form Eq.33 allows us to consider the lower 2 by 2 block of
the Yukawa matrices rst. In diagonalising the lower 2 by 2 block separately, we
introduce corrections of order 
2
and so the procedure is consistent to rst order in .
In searching for the minimum number of operators that t phenomenological con-
straints (so that maximum predictivity is attained) there are some general arguments



























at least 3 operators in the lower 2 by 2 block since it should have no zero rows or
columns, or its determinant would be zero, implying that it contains a zero eigen-
value and therefor a zero mass. Also, for a non-zero jV
cb
j, we require there to be an
operator in the 32 position in the down and/or up matrices. In fact we shall require
4 operators in the lower 2 by 2 block since the Clebsch coecients listed in Table 3







. With 3 operators, excluding the third family
discussed previously, we have three Yukawa coupling parameters, not including the















as inputs but the only
prediction we can make is for the strange mass m
s
.
































The discussion of complex phases is left to later. Here we assume that all of the Yukawa



















j calculated at M
X






















































































































also yield the same results. A
7
may




is not in the 23 position
before transposing, as this would predict zero jV
ub
j.
From the above ansatze in Eqs.34-41, the ratio of muon to strange Yukawa cou-
plings at M
X


































(1 GeV) predictions as a result of Eq.42, to be compared with the
experimental value quoted in Table 5.
or l = 4 (a new prediction).
Ansatze A
1 6
predict l = 3 in Eq.42 and ansatze A
7;8
predict l = 4. Eq.42 gives




), which can in turn be run down to 1 GeV,
yielding a prediction for m
s
. Fig.10 shows the predictions for m
s
(1 GeV), which were
found to have negligible dependence upon m
b
. Note that the l = 4 curve in Fig.10
corresponding to ansatze A
7;8
works just as well as the l = 3 GJ prediction.
4.5 The Upper 2 by 2 Block of The Yukawa Matrix: The
Prediction of the Down Quark Mass.
Having diagonalised the lower 2 by 2 block, we have an eective Yukawa coupling
in the 22 position for each of the Yukawa matrices. We must now add additional










j. We shall assume that these
additional operators are n = 2 ones, as discussed previously together with even smaller
n = 3 operators which we denote generically O
n=3
. Naively the minimum number
of additional operators in the upper 2 by 2 block is 2: one in the 21 position to
account for jV
us
j and one on the top row to avoid a massless rst family. However,














 1=100 using only
two operators, since the magnitude of the Clebsch coecients in Table 3 are simply
not big enough. To circumvent this problem we shall use the operators in Table 3
22
which give a zero contribution to the up mass and a non zero contribution to the down
and electron mass, namely O
1;2;3
. In order to achieve a non-zero jV
ub
j we require an
operator in the 21 position which gives a non-zero contribution to the up-matrix. To
provide a phenomenologically viable jV
ub
j it turns out (see later) that the Clebsch
of the down Yukawa coupling in the 21 position has to be 3 times that of the up







. If the 12 operator is simply O
1;2;3
then this predicts a massless up
quark. In order to obtain a small up quark mass we must add a small third operator
(denoted O
n=3
) to the 11 or 12 positions
9
. This leads to the successful upper 2 by 2
block ansatze shown below. With three extra operators in the upper block we have










































































































































X stands for whatever is left in the 22 position, after the lower 2 by 2 submatrix
has been diagonalised. Each of the successful ansatze gives a prediction for the down
9




operator can be placed in the 11 position yielding identical
results.
10
However, there appears an unremovable phase that gives CP violation, so the prediction of jV
ub
j




















4 16/3 2 3 4 (3/2) (3/2) 2
A
7;8
16/3 (64/9) 8/3 4 16/3 2 2 8/3









Note that the bracketed entries predict m
d
(1 GeV) to be outside the empirical range,
























(1 GeV) prediction as a result of the Eq.51, with the k values outlined
in Table 7, labeling each prediction.
Yukawa coupling at M
X










where k = 3 is the Georgi{Jarlskog prediction of m
d
. Other viable possibilities found






as shown in Table 7. The k values as dened in
Eq.51 depend upon the l value in the heavy submatrix and are displayed in Table 7.
Fig.11 shows the ve possible predictions for m
d
in the separate ansatze. Again,
the results were found to have negligible dependence on m
b
because this will only
change the RG running by aecting m
t
. The large tan  dependence factors out since
we relate the mass of the down quarks to the mass of the leptons only, and these have
the same dependence upon tan . It should be made clear that up until now all of
the Yukawa couplings are assumed to be real and positive, but in order to do a full
analysis of the CKM matrix including the CP violating phase we shall now drop this
24
assumption.
4.6 The Full 3 by 3 Yukawa Matrix: The Prediction of jV
ub
j
in Terms of the CP-Violating Phase
So far we have discussed the lower 2 by 2 block and the upper 2 by 2 block of the
Yukawa matrices, assuming them to be of the form shown in Eq.33, and taking all
of the couplings to be real and positive. In fact the eective Yukawa couplings must
be regarded as complex parameters with relative phases between them. This does
not aect our analysis of third family Yukawa unication. Nor does it aect the
predictions of the strange and down quark masses which follow from Eqs.51,42, since
l and k are simply ratios of Clebsch coecients. However the precise list of successful
lower 2 by 2 block ansatze A
i
in section 4.4, and the upper 2 by 2 block ansatze B
i
in section 4.5 was in fact based on a full analysis of the 3 by 3 Yukawa matrices,





here. However in order to illustrate our approach and
discuss the remaining CKM parameters, it is instructive to consider one example as
described below.
The successful ansatze consist of any of the lower 2 by 2 blocks A
i
combined with
any of the upper 2 by 2 blocks B
i
, subject to the restrictions shown in Table 7. For
example let us consider A
1
in the lower 2 by 2 block combined with any of the B
i
in







, before the H;































which implies that at M
X







































































where we have factored out the phases of the operators and H
ik
are the magnitudes of
the coupling constant associated with O
ik
. Note the real Clebsch coecients x
U;D;E
ik
give the splittings between Y
U;D;E




















































































































































are real positive parameters. It follows from the Clebsch struc-



















where l = 3 in this case.
At M
X






, since this leaves
the lagrangian of the high energy theory invariant. In doing this we rotate away 5









































































































, the multiplets F;

F are no longer connected by the gauge symmetry in
the eective eld theory, since it is The Standard Model. We now dene our notation
as regards the eective eld theory below M
X
as follows. The eective quark Yukawa







































































































are the diagonalised Yukawa












In all of the cases considered, x
U
12
= 0 and x
0D;E
12
= 0 so that the Yukawa matrices
















































































































In order to diagonalise the quark Yukawa matrices, we rst make Y
U
real, by multi-




























































. This amounts to a phase







To diagonalise the real matrices obtained from the above phase rotations, we rst



















































































































































































since the 22 eigenvalues are just the 22
elements in this case. The rst family diagonal Yukawa couplings for the down quark





















































































and the ansatze A
1 6























is small and in the limitO
12
0
! 0 the up




































































































. This is a generic feature of all the ansatze. To obtain a
prediction for jV
ub
j we note that
jV
us






















































Eq.65 predicts a value of jV
ub
j that is dependent upon the value of l. This is be-
cause of the appearance of 
s
in Eq.65, which is predicted to have dierent values in
Eq.42 depending on l. The jV
ub
j predicted is displayed in Figs. 12 and 13 and ts
the phenomenological values of 0.002{0.005 successfully only for large values of the
complex phase. Clearly Figs.12,13 predict large values of jV
ub
j. We emphasise that



























and the ansatze A
7;8
, corresponding to l = 4.
5 Conclusions







model, where the gauge group is assumed to be broken to the stan-




GeV. Although the gauge group is not unied atM
X
,
it is hoped that the model may be embedded in some string theory near the Planck
scale. Since the model involves no adjoint representations of the gauge group, and
has no doublet-triplet splitting problem, the prospects for achieving string unication
in this model are very good, and some attempts in this direction have already been
made [10]. However here we have restricted ourselves to the low-energy eective eld




GeV, and parameterised the eects of string uni-
cation by non-renormalisable operators whose coecients are suppressed by powers
of (M
X
=M), where M > M
X
is some higher scale associated with string physics.
We have assumed that the heavy third family receives its mass from a single
renormalisable Yukawa coupling in the superpotential. The model predicts third
family Yukawa unication (i.e. the top, bottom and tau Yukawa couplings are all
equal at M
X
) leading to predictions for the top mass and tan . The other Yukawa





where n = 1 operators are suitable for the lower 2 by 2 block of the Yukawa matrices,
and n = 2; 3 are suitable for the upper 2 by 2 block. In fact we have classied all
29
possible operators in this model for n = 1 and n = 2.



















, plus an unremovable phase. With these 8 parameters we can





















Third family Yukawa unication led to a prediction for m
t
(pole) = 130   200 GeV






. More accurate predictions could






were reduced. The analysis of the lower
2 by 2 block led to 2 possible predictions for m
s
depending on whether l = 3 or 4, as
shown in Fig.10 (l = 3 is the GJ prediction). In the upper 2 by 2 block analysis we
were led to 5 possible predictions for m
d
, depending on whether k = 2; 8=3; 3; 4; 16=3,
as shown in Fig.11 (again k = 3 is the GJ prediction.) Finally, we have 2 predictions
for jV
ub
j depending on whether l = 3 or 4, as shown in Figs.12,13. Both predict a
large value of jV
ub
j, depending on .
The high values of tan predicted by our model (also predicted in SO(10)), leads
to a moderate ne tuning problem [16]. The high value of tan  is not stable un-
der radiative corrections unless some other mechanism such as extra approximate
symmetries are invoked. m
t
may have been overestimated, since for high tan , the
equations for the running of the Yukawa couplings in the MSSM can get corrections
of a signicant size from Higgsino{stop and gluino{sbottom loops. The size of this
eect depends upon the mass spectrum and may be as much as 30 GeV. Not included
in our analysis are threshold eects, at low or high energies. These could alter our
results by several per cent and so it should be borne in mind that all of the mass
predictions have a signicant uncertainty in them. It is also unclear how reliable 3
loop perturbative QCD at 1 GeV is.
Compared to SO(10) [12], the lack of predictivity of our model is somewhat dis-
couraging. In the SO(10) model, the spectrum is described by just 4 operators,
whereas in our model the spectrum is described by 7 operators. One basic reason for
this is that, unlike SO(10), our Yukawa matrices are inherently asymmetric. In order
to ll out our Yukawa matrices, we need to add operators in the ij and ji positions
separately. This of course permits asymmetric texture zeroes such as those in A
1 8
,
which have not been studied before. In the upper 2 by 2 block, the SO(10) model can
satisfy all of the phenomenological constraints with just 2 operators, the up Yukawa
coupling becoming very small through a small Clebsch ratio (1=27)
2
. This permits
the SO(10) model to make predictions for the up quark mass and the complex phase
as well as jV
ub
j. Whereas we cannot predict m
u
in this model, a natural explanation
30
is given for its relatively small value in terms of a higher dimensional operator. Note
that simply not having this operator would not alter any of the predictions, except
that the up quark would be massless, thus solving the strong CP problem. Thus a
simple and natural way of obtaining a massless up quark is given by our model with
O
n=3
! 0 in Eqs. 43-50, which would reduce the number of operators in our model
by one.







model has the twin advantages of having no doublet-triplet split-
ting problem, and containing no adjoint representations, making the model technically
simpler to embed into a realistic string theory. Although both these problems can
be addressed in the SO(10) model [25], we nd it encouraging that such problems






model. Of course there
are other models which also share these advantages such as ipped SU(5) or even
the standard model. However, at the eld theory level, such models do not lead to
Yukawa unication, or have precise Clebsch relations between the operators describ-
ing the light fermion masses. It is the combination of all of the attractive features
mentioned above which singles out the present model for serious consideration.
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Appendix 1 : n = 1 Operators
Following is a list of all n = 1 non{renormalisable operators. These operators are
























































































































are contracted with the SU(4) indices on two elds to combine




are contracted with SU(2)
R
indices on two of the elds to combine
them into 1, 3 representation of SU(2)
R
.
The operators in Tables 1,2 are then given explicitly by contracting Eq.66 with









































































































































































































































































































































































































Appendix 2: n = 2 Operators

































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































where  = A;B : : : T and  = a; b : : : t.
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